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We propose an ansatz, named the “particle ansatz”, that in the rest frame of a flavor neutrino all
its mass eigenstate momentums should simultaneously be zero. Under the particle ansatz, the mass
measurable phase differences (mmPhDs) can be derived as ∆φji ≃ [2mνα (mj −mi)/4Eνα ]L. We
show that using mmPhDs all three neutrino masses can be determined. In the foreseeable future all
neutrino masses are expected to be determined by the spectral analysis of neutrino experiments.
It is well known that neutrinos have nonzero masses
because of neutrino oscillations. However, it is believed
that neutrino oscillation experiments can not determine
the absolute neutrino masses but the mass square dif-
ference ∆m2ji = m
2
j − m
2
i . The origin of this faith is
based on the phase difference (PhD) in the traditional
phenomenological theory of neutrino oscillations which
is
∆φji ≃
m2j −m
2
i
4Eν
L =
∆m2ji
4Eν
L, (1)
wheremi andmj are the mass eigenvalues, Eν is the neu-
trino energy and L is the neutrino flight distance. PhD
in Eq. (1) can be derived under the so called the “same
energy” or “same momentum” ansatz[1]. However, ei-
ther the “same energy” or “same momentum” ansatz has
been shown to contradict Lorentz invariance and lead to
a number of paradoxes[2, 3]. In this paper, an ansatz
is proposed from which a new form of phase difference
∆φji ≃ [2mνα(mj − mi)/4Eνα ]L can be derived. We
show that the neutrino masses can in principle be deter-
mined.
The Dirac equation for a spin 1/2 particle with mass
mi is (iγ
µ∂µ − mi)ψi = 0. A set of orthogonal mass
eigenstates can be defined as |νi〉 = (0, . . . , ψi, . . . , 0)
T
with 〈νj|νi〉 = δij and i, j = 1, 2, . . . , n. There can be at
most n linear independent combinations which are writ-
ten as
|να〉 =
∑
i
U∗αi |νi〉 , (2)
where α = α1, α2, . . . , αn. If 〈νβ|να〉 = δβα, the matrix
U∗ = [U∗αi] is a unitary one. Neutrino oscillation shows
that a flavor neutrino να has nonzero mass and its flavor
eigenstates |να〉 is different to the mass eigenstates |νi〉.
Thus, U∗ has nonzero off-diagonal elements.
Since a flavor neutrino experimentally behaves as a
particle, there should be a rest frame for it where its mo-
mentum is zero. We propose an ansatz called the “par-
ticle ansatz” that in the rest frame of a flavor neutrino
να all momentums of its mass eigenstates |νi〉 are simul-
taneously zero so that
|να(τ)〉 =
∑
i
U∗αi |νi(τ)〉 =
∑
i
U∗αi |νi(τ0)〉 e
−imiτ , (3)
where τ is the proper time, τ0 = 0 is the initial proper
time and |νi(τ0)〉 is the zero-momentum wavefunction in
the rest frame. In the lab frame τ is boosted to t and
t0 = 0 so that the wavefunction of να should be
|να(t)〉 =
∑
i
U∗αi |νi(t)〉
=
∑
i
U∗αi |νi(t0)〉 e
−i(Eit−pi·x), (4)
where Ei and pi are the energy and momentum of the
mass eigenstate |νi(t)〉 with Ei = γmi and γ = dτ/dt.
Thus the the particle ansatz can induce the “same ve-
locity” condition[1, 4] but velocity is not a well-defined
quantum mechanical concept because of Heisenberg’s un-
certainty principle.
The mass and mass square of να can be obtained by
mνα = 〈να(τ)| i
d
dτ
|να(τ)〉
=
∑
j
∑
i
〈νj(τ)|UβjmiU
∗
αi |νi(τ)〉
=
∑
i
mi|Uαi|
2, (5)
m2να = 〈να(τ)| −
d2
dτ2
|να(τ)〉
=
∑
j
∑
i
〈νj(τ)|Uβjm
2
iU
∗
αi |νi(τ)〉
=
∑
i
m2i |Uαi|
2 (6)
The energy and energy square of να in the lab frame can
be obtained by
Eνα = 〈να(t)| i
d
dt
|να(t)〉
=
∑
j
∑
i
〈νj(t)|UβjEiU
∗
αi |νi(t)〉
=
∑
i
Ei|Uαi|
2, (7)
2E2να = 〈να(t)| −
d2
dt2
|να(t)〉
=
∑
j
∑
i
〈νj(t)|UβjE
2
i U
∗
αi |νi(t)〉
=
∑
i
E2i |Uαi|
2. (8)
The momentum and momentum square of να in the lab
frame can be obtained by
pνα = 〈να(t)| − i
d
dx
|να(t)〉
=
∑
j
∑
i
〈νj(t)|UβjpiU
∗
αi |νi(t)〉
=
∑
i
pi|Uαi|
2, (9)
p
2
να
= 〈να(t)| −
d2
dx2
|να(t)〉
=
∑
j
∑
i
〈νj(t)|Uβjp
2
iU
∗
αi |νi(t)〉
=
∑
i
p
2
i |Uαi|
2, (10)
Since E2i −p
2
i = m
2
i and Ei = γmi, E
2
να
−p2να = m
2
να
and
Eνα = γmνα . Therefore, a flavor neutrino να described
by |να(t)〉 does behave like a relativistic particle.
The flavor wavefunctions |να(τ0)〉 or |να(t0)〉 with α =
α1, . . . , αn can also be chosen as a set of bases for να(τ)
or |να(t)〉, respectively so that in the rest frame
|να(τ)〉 =
∑
β
∑
i
|Uβi|
2e−imiτ |νβ(τ0)〉
=
∑
β
Cβ(τ) |νβ(τ0)〉 , (11)
and in the lab frame
|να(t)〉 =
∑
β
∑
i
|Uβi|
2e−i(Eit−pi·x) |νβ(t0)〉
=
∑
α
Cβ(t) |νβ(t0)〉 . (12)
Since the phase of |νi〉 satisfies φi = miτ = Eit − p · x,
the coefficients Cβ(τ) and Cβ(t) are Lorentz invariant
and satisfy
Cβ = Cβ(τ) = Cβ(t) =
∑
i
|Uβi|
2e−iφi . (13)
Thus the probability of observing |νβ〉 at ∆τ = τ − τ0 in
the rest frame or ∆t = ∆τ/γ = t− t0 in the lab frame is
also Lorentz invariant which is
P (να → νβ) = | 〈νβ(τ0)|να(τ)〉 |
2 = | 〈νβ(t0)|να(t)〉 |
2
= |Cβ |
2 = |
∑
i
UβiU
∗
αie
−iφi |2
=
∑
j
∑
i
UαjU
∗
βjU
∗
αiUβie
i2∆φji
= δαβ − 4
∑
j>i
Re
{
UαjU
∗
βjU
∗
αiUβi
}
sin2∆φji
−2
∑
j>i
Im
{
UαjU
∗
βjU
∗
αiUβi
}
sin 2∆φji,(14)
where the PhD ∆φji is defined as
∆φji =
φj − φi
2
=
mj −mi
2
∆τ =
mj −mi
2
∆t
γ
. (15)
The arithmetic mean of Ej and Ei is defined as Eji =
(Ej + Ei)/2 and the arithmetic mean of mj and mi is
defined as mji = (mj +mi)/2[4]. Because
γ =
dτ
dt
=
Ei
mi
=
Eji
mji
, (16)
the PhD in Eq. (1) derived from the “same energy” or
“same momentum” ansatz can be obtained by
∆φji =
mji(mj −mi)
2Eji
∆t
=
m2j −m
2
i
4Eji
∆t ≃
m2j −m
2
i
4Eji
L, (17)
where L is the distance and ∆t ≃ L is used since γ ≫ 1.
However Eji is not any more a measurable quantity in
the particle ansatz. In the particle ansatz the measurable
energy of να is Eνα . Because γ = Eνα/mνα , PhD in
Eq. (15) can be rewritten as
∆φji =
mνα(mj −mi)
2Eνα
∆t
≃
2mνα(mj −mi)
4Eνα
L =
∆m2αji
4Eνα
L, (18)
where ∆m2αji = 2mνα(mj −mi). The mass square term
∆m2αji in the above PhD is the product of the double fla-
vor neutrino mass 2mνα and the difference of two mass
eigenvalues mj and mi. Because three flavor neutrino
masses are generally independent to each other, the neu-
trino mass can be determined by neutrino oscillation ex-
periments. Therefore the Ph.D in Eq. (18) is a mass
measurable phase difference (mmPhD).
For the three neutrino oscillations, mνα and mi have
the relationship as
mνα =
∑
i
|Uαi|
2mi and mi =
∑
α
U2αimνα , (19)
3where i = 1, 2, 3 and α = e, µ, τ and
∑
α
|Uαj |
2U2αi = δji. (20)
Uαi is the element of the PMNS matrix U = [Uαi] pa-
rameterized by three mixing angles θ12, θ23 and θ13 and
Dirac phase δ which satisfies
UPMNS =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 =


1 0 0
0 c23 s23
0 −s23 c23




c13 0 s13e
−iδ
0 1 0
−s13e
iδ 0 c13




c12 s12 0
−s12 c12 0
0 0 1

 , (21)
where cij = cos θij and sij = sin θij . U2αi is the element
of the inverse matrix of [|Uαi|
2]. If δ = ±90◦ and θ23 =
45◦ where the determinant of the matrix [|Uαi|
2] is zero
and then the matrix [U2αi] can not obtained. It can be
easily shown that
M = mνe +mνµ +mντ = m1 +m2 +m3, (22)
whereM is the total mass of neutrinos. If the coefficients
k = mνe/M and ǫ = mνµ/mνe are introduced, the masses
of flavor neutrinos can be written as mνe = kM , mνµ =
ǫkM andmντ = (1−k−ǫk)M with 0 < k < 1, 0 < ǫk < 1
and 0 < 1− k − ǫk < 1.
For neutrino experiments the traditional mass square
terms in the PhDs under the “same energy” or “same
momentum” can be transformed to the new mass square
terms in their corresponding mmPhDs which are listed
as
P (νe → νe) ∆m
2
21 → ∆m
2
e21 = 2mνe(m2 −m1)
P (ν¯e → ν¯e) = 2mν¯e(m2 −m1),
P (νµ → νµ) |∆m
2
32| → ∆m
2
µ32 = 2mνµ |m3 −m2|
P (ν¯µ → ν¯µ) = 2mν¯µ |m3 −m2|,
P (νe → νe) |∆m
2
32| → ∆m
2
e32 = 2mνe |m3 −m2|
P (ν¯e → ν¯e) = 2mν¯e |m3 −m2|,
where ǫ = mνµ/mνe = ∆m
2
µ32/∆m
2
e32 can be obtained
in principle. Thus, ∆m2e21 and ∆m
2
µ32 can be rewritten
as
∆m2e21 = 2mνe [(U
2
e2 − U2e1)mνe
+(U2µ2 − U2µ1)mνµ
+(U2τ2|
2 − U2τ1)mντ ]
= 2[(U2e2 − U2e1)k
2
+(U2µ2 − U2µ1)ǫk
2 (23)
+(U2τ2 − U2τ1)(k − k
2 − ǫk2)]M2,
∆m2µ32 = 2mνµ |(U
2
e3 − U2e2)mνe
+(U2µ3 − U2µ2)mνµ
+(U2τ3 − U2τ2)mντ |
= 2|(U2e3 − U2e2)ǫk
2
+(U2µ3 − U2µ2)ǫ
2k2 (24)
+(U2τ3 − U2τ2)(ǫk − ǫk
2 − ǫ2k2)|M2.
If the parameters of PMNS matrix are known and
ǫ = mνµ/mνe can be obtained by measuring the ratio of
∆mµ32 and ∆me32 from neutrino experiments, the two
free parameters, the total mass of neutrinos M and the
mass ratio k = mνe/M , can be calculated from Eq. (24)
and Eq. (25) and then all masses of flavor and mass
eigenstate neutrinos can be obtained. ǫ is around 1 be-
cause there is not much difference between the values of
|∆m232| = |m
2
3 − m
2
2| measured by electron and muon
neutrino oscillation experiments[5–10]. Table I gives the
calculated results where ǫ runs from 0.90 to 1.10, and the
input neutrino oscillation parameters are
θ23 ∼ 40
◦ or 50◦
θ12 ∼ 35
◦, θ13 ∼ 9
◦, δ ∼ ±90◦
∆m2e21 ∼ 8× 10
−5eV2, ∆m2µ32 ∼ 2.5× 10
−3eV2.
(25)
Table I shows that there are a mass hierarchy (MH)
transition around ǫ = 1. Whatever θ23 ∼ 40
◦ or 50◦,
MH is normal when ǫ > 1 but inverted when ǫ < 1. The
total masses of neutrinos M depends on the octant of
θ23. Except for the vicinity of MH transition point, M ∼
O(10−1) eV which coincides with the constraints from
cosmological and astrophysical models[10]. Therefore the
cosmological and astrophysical models can constrain in
return the parameters of neutrino oscillations, such as,
Dirac phase δ and octant of θ23. The general solutions
of Eq. (24) and Eq. (25) will be discussed in Ref. [11].
We have shown that the particle ansatz induces the
mmPhDs with which the neutrino masses can be deter-
mined in principle. The masses of all three flavor neu-
trinos can not be the same. Because three mmPhDs
are mixed in neutrino oscillations, the precise value of
4ǫ = mνµ/mνe = ∆m
2
µ32/∆m
2
e32 has to be determined by
the spectral analysis of neutrino experiments under the
particle ansatz which is beyond the scope of this paper.
It is expected that with the mixing angles, Dirac phase,
and mass hierarchy all neutrino masses can be also ex-
perimentally determined in the foreseeable future[10, 12].
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